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1. INTRODUCTION 
Recently there has been considerable interest in the structure of infinite 
soluble groups which are products of two subgroups with specified proper- 
ties, usually finiteness conditions of some kind; the object is to prove that 
the group itself inherits the property in question (see [l-3, 12, 15, 161). In 
the present work we shall study soluble groups which are products of 
nilpotent subgroups satisfying finiteness conditions on rank. 
Recall that a group G has ,finite torsionfree rank if there is a series of 
finite length in G whose nontorsion factors are infinite cyclic groups. The 
number of infinite cyclic factors in such a series is an invariant called the 
torsionfree rank (or Hirsch number) of G, 
The first main result is 
THEOREM 1. Let G = HK he a soluble group where H and K are sub- 
groups with finite torsion-free rank, at least one being nilpotent. Then G has 
finite torsion-free rank. 
A group G is said to have finite abelian sectional rank if it has no infinite 
elementary abelian p-sections for any prime p. Soluble groups with finite 
abelian sectional rank were studied in [S] under the nomenclature of 
s,,-groups. The second main result is 
THEOREM 2. Let G = HK be a soluble group where H and K are sub- 
groups with finite abelian sectional rank, at least one being nilpotent. Then G 
has finite abelian sectional rank. Also rO( G) = rO( H) + rO( K) - r,,( H n K) and 
mr( G) = mP( H) + mP( K) - m,,( H n K) for all primes p. 
*This work was completed while the author was a guest at the National University of 
Singapore during September 1983. 
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The terminology here is as follows. If G is a soluble group with finite 
abelian sectional rank, there is a series in G with finite length in which the 
factors are infinite cyclic or abelian torsion groups. Define 
m,(G) 
to be the sum of the p-ranks of the divisible parts of the torsion factors; this 
is an invariant of G. Thus m,,(G) = 0 if and only if G has no section of type 
P”. 
The last main result is an analogous theorem for groups with finite 
Prtifer rank. Recall that a group G has finite Priifer rank 
r(G) 
if every finitely generated subgroup can be generated by r(G) elements and 
r(G) is the least such integer. 
THEOREM 3. Let G = HK be a soluble group where H and K are sub- 
groups of finite Prtifer rank, at least one being nilpotent. Then G has finite 
Priifer rank and this is bounded above in terms of the Priifer ranks of H and 
K. 
This is a small contribution to a problem of Cernikov [4]: if a group is a 
product of two subgroups with finite Priifer rank, does the group have 
finite Priifer rank? For other special cases where the answer is positive see 
c51. 
Theorems 1, 2, and 3 generalize results of Zaicev [ 151; he assumed that 
the subgroups H and K were abelian. We do not know whether the 
nilpotence of H or K can be omitted entirely. Some rank formulae similar 
to those of Theorem 2 may be found in Wilson [ 131. 
The main difficulty in proving Theorems 1 and 2 consists in establishing 
certain “triple factorization” theorems. This is a feature of many problems 
about factorized soluble groups. In our case the relevant theorems are 
THEOREM 4. Let G = HK = HA = KA where H, K, A are nilpotent sub- 
groups and A is normal in G. If H and K have finite torsion-free rank and A 
is torsion-free, then G is a nilpotent group with finite torsion-free rank. 
THEOREM 5. Let G = HK = HA = KA, where H, K, A are nilpotent sub- 
groups and A is normal in G. If H and K have finite abelian sectional rank, 
then G is a hypercentral group of finite abelian sectional rank. 
The organization of proofs is as follows. Various auxiliary results and 
reduction lemmas are collected in Section 2. The triple factorization 
theorems are proved in Section 3, while the main theorems are deduced in 
Section 4. 
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2. AUXILIARY RESULTS 
We shall make essential use of two known results. 
LEMMA 1. Let Q be a group and let A be a Q-module. Assume that x is 
an element of the centre of Q such that the mapping a t-+ [a, x] =a(x- 1) 
is an automorphism of A. Then H”(Q, A) = 0 for all n > 0. 
This is a special case of [ 11, Lemma 2.121. It will be required only when 
n = 1 (and an elementary proof can be given). 
LEMMA 2 (Zaicev [ 151). Let Q be a locally polycyclic group with finite 
torsion-free rank, let J be a principal ideal domain and let A be a finitely 
generated JQ-module. If A = A,f for infinitely many (nonassociate) primes f 
of J, then A is a J-torsion module. 
The next result is a useful technical lemma which involves the concept of 
the factorizer of a normal subgroup N of a factorized group G = HK. This 
is the subgroup 
X(N)= HNn KN. 
It is very easy to see that X(N) has the triple factorization 
X(N)=(HnKN)N=(HNnK)N=(HnKN)(HNnK). 
LEMMA 3. Let G = HK = HA = KA where H, K, A are nilpotent sub- 
groups and A u G. Assume that the Baer radical of G is nilpotent. If there is 
a normal subgroup N such that X(N) and GIN are nilpotent, then G is 
nilpotent. 
Proqf Let R denote the Baer radical of G; then A d R. Now X(N) is 
subnormal in G since it contains N; therefore X(N) 6 R. Since G = HA, 
[Hn KN, .G] < [Hn KN, ,W R’= R’ 
for a sufficiently large integer r. Therefore (Hn KN) RI/R' is contained in 
some term of the upper central series of G/R’ with finite ordinal type; of 
course a similar statement is true of (HN n K) RI/R’, so it follows that 
NR'JR' is contained in some finite term of the upper central series of G/R'. 
Consequently G/R' is nilpotent. By hypothesis R is nilpotent and a well- 
known theorem of P. Hall shows that G is nilpotent. 
The following lemma will reduce the task of proving Theorem 5 to show- 
ing that G has finite abelian sectional rank. 
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LEMMA 4. Let G = HK = HA = KA where H, K, A are nilpotent sub- 
groups and A 4 G. If G has finite abelian sectional rank, then G is a hyper- 
central group. 
ProoJ If G/A’ is hypercentral, then G is hypercentral (see [9]). Thus 
we may assume that A is abelian. 
(i) Case: A is a torsion group. Clearly we may suppose that A is a 
p-group and hence satisfies min (the minimal condition). Also by factoring 
out the hypercentre we may take Z(G), the centre of G, to be trivial. Thus 
C,(G) = 1. Evidently H n A and K n A are contained in the hypercentre of 
G, so that Hn A = 1 = Kn A. It follows from [ 111, Theorem B that 
H’(G/A, A) =O, which means that the complements H and K are con- 
jugate. But G = HK, so H = K = G. 
(ii) Case: A is torsion-free. In this case we shall prove that G is 
nilpotent. Let R be the Baer radical of G. Then A < R and R/A is nilpotent. 
Since A is torsion-free of finite rank, it follows easily that R is nilpotent. 
Hence Lemma 3-together with induction on the rank of A-allows us to 
assume that A is rationally irreducible with respect to G. If A 6 Z(G), then 
G is certainly nilpotent, so suppose that some element a of A does not 
belong to Z(G). Put A,, = a”; then [A,,, G] # 1 and A/CA,, G] is a torsion 
group. Thus A,/[A,, G] has finite exponent. Since r,(G) is finite, it follows 
that A,/[A,, G] is finite. Choose a prime p which does not divide the 
order of this group. By (i) the group G/A; is hypercentral. If r = r,(A), then 
[A,,, .G] < A,P because IA,: A;/ d pr. But A,/[A,, G] is a p’-group and it is 
easily verified that A,/ [ A “, ,G] is also a p’-group. Therefore A,, = A{. Now 
apply Lemma 2 to the finitely generated G/A-module A,,. It follows that A, 
is a torsion group and a = 1, a contradiction. 
(iii) The general case. Let T denote the torsion-subgroup of A; clearly 
we can assume that T is a p-group and hence satisfies min. We can also 
suppose that Z(G) = 1. By (ii) the group G/T is nilpotent while certainly 
C,(G) = 1. It follows from [ll], Theorem B that H2(G/T, T) =O, so that 
G = XT and Xn T = 1 for some subgroup X. Then A = (Xn A) x T and 
[Xn A, ,G] = [Xn A, J] = 1 for large r since X is nilpotent. Hence 
Xn A = 1 and A = T. We can now apply (i). 
The next result is elementary. 
LEMMA 5. Let G be a soluble torsion group with finite abelian sectional 
rank and let 71 be a finite set of primes. Then G/O+(G) satisfies min and 
hence is a cernikov group. 
Proof Let d be the derived length of G; evidently we can assume that 
d > 1. There is nothing to be lost in taking O,(G) to be trivial. Write 
A = Gcdp ‘) and define B/A = O,,(G/A ) and C = C,(A). Then A is a z-group 
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and hence satisfies min; a theorem of Cernikov (see [ 10, 3.21) shows that 
B/C is finite. Next A 6 Z(C) and C/A is a rr’-group. By Schur’s theorem C’ 
is a rc’-group, so C’ = 1 and C is an abelian rc-group. It follows that C = A 
and B/A is finite, so that B satisfies min. By induction on d the group GJB 
satisfies min, whence so does G. 
The two lemmas which follow will deal with the various assertions about 
rank in the main theorem. 
LEMMA 6. Let G = HK be a soluble group with finite abelian sectional 
rank where at least one of the subgroups H and K is nilpotent. Then 
(i) r,(G) = r,(H) + r,(K) - r,,(HnK), 
(ii) mp( G) = m,,(H) + mr( K) - mll( H n K) for all primes p. 
Proof (i) Let Na G. If either formula holds for both X(N) and G/N, 
then it holds for G, as a straightforward argument shows (see [2]). This 
observation, together with induction on the derived length of G, permits us 
to reduce to the situation where G = HK= HA = KA with A abelian and 
normal. Then L = (Hn A)(Kn A)a G, and it is easy to show that if either 
formula holds for G/L, it holds for G. Assume therefore that H n A = 1 = 
Kn A. Then both H and K are nilpotent, and G is hypercentral by 
Lemma 4. 
Consider formula (i). By the initial remark and induction on r,(G) one 
can assume that A is either torsion or torsion-free and rationally 
irreducible as a G/A-module. In the second case A < Z(G) and Ha G, so 
the formula is obvious. In the first case the assertion is that r,(K) = 
rO( H n K). To see that this holds let k E K and write k = ha with h E H, a E A. 
Since ach) is finite, k” = h” for some m > 0; hence r,(K) = r,(Hn K). 
Now consider formula (ii). One can reduce to three cases: (a) A torsion- 
free and rationally irreducible, (b) A a divisible p-group with every proper 
G/A-submodule finite, (c) A torsion with finite p-component. In case (a) we 
have A <Z(G). In case (b) either A d Z(G) or A = [A, H]; in the latter 
event H and K are conjugate modulo some finite G-invariant subgroup of 
A, by [ 111, Theorem C, and this implies that A = 1. In case (c) argue as in 
the last paragraph, noting that m can be chosen to have bounded p-share. 
LEMMA 7. Let G = HK be a soluble group with H and K subgroups, at 
least one being nilpotent. If G has finite Prtifer rank, then r(G) is bounded 
above by a function of r(H) and r(K). 
Proof Let N be a finite normal subgroup of G. Put X= X(N), so 
that X = H*K* where H* = H n KN and K* = HN n K. Then L = 
C,,( N)C,,( N) is normal in X and X/L is finite. By Zaicev [ 161, Theorem 1 
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r(X/L) is bounded above in terms of r(H*L/L) and r(K*L/L). Hence r(N) 
is bounded above in terms of r(H) and r(K). It follows that if N is a finite 
G-invariant factor, then r(N) <f(r(H), r(K)) = d for some function f: 
Now let T be a normal torsion subgroup of G. If p is a prime, let rp( T) 
denote the maximum Priifer rank of a Sylow p-subgroup of T. Then it is 
easy to see that rp( T) = rp( T/0,.( T)). By Lemma 5 the group T/O,,(T) is a 
Cernikov group; it follows from the first paragraph that rJ T/O,,( T)) d 2d 
for all p. A theorem of Kovacs [6] now yields r(T) 6 1 + 2d. Evidently this 
conclusion holds even if T is a G-invariant torsion factor of G. 
Now consider the structure of G. If M is the maximal normal torsion 
subgroup of G, then G/A4 is nilpotent-by-abelian-by-finite, by well-known 
theorems of Mal’cev (see [ 10, 3.2 and 9.31). Hence there is a normal series 
1 =GoaG,~G2aG,aG,aG,=G 
in which G,, G,/G, and G,/G, are torsion groups while G,/G, and G,/G, 
are torsion-free nilpotent groups. It follows that 
r(G)6 2 r(G,+,/G,)63(1 +2d)+r,(G). 
,=o 
Now r,(G) <r,(H) + r,(K) by Lemma 6 and the next result will show that 
r,(H) < r(H) and ro( K) < r(K). Thus it will follow that 
r(G) d 3(1 + 2d) + r(H) + r(K). 
To complete the proof we shall establish 
LEMMA 8. Let G he a group with a series of ,finite length whose factors 
are cyclic or locally finite. Then r,(G) d r(G). 
A special case of this was given by Zaicev in [14] from which it is not 
hard to deduce the general result. For convenience we shall give a complete 
proof. 
Proof of Lemma 8. Let r = r,(G). It is clear that we may factor out by 
the maximal normal torsion subgroup of G. It follows as in [ 10, 9.341 that 
G will then have a normal series of finite length whose infinite factors are 
torsion-free abelian groups of finite rank. Passing to a subgroup of finite 
index we can assume that G is soluble. Furthermore, since it suffices to 
prove the result for finitely generated groups, we can take G to be a 
minimax group (see [lo, 10.381). Finally, passing once again to a sub- 
group of finite index, we may assume that G has a normal series of finite 
length whose factors are torsion-free abelian groups of finite rank (see [ 10, 
9.39.31). 
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To complete the proof let us show that for almost all primes p the group 
G has a subgroup H of finite index with an elementary abelian quotient of 
order p’ where r = r,(G). Let r > 0 and use induction on Y. Now there is a 
normal subgroup N such that G/N is torsion-free abelian of rank 1. Since 
G/N is a minimax group, the set rc of primes by which this group is 
divisible is finite. By induction on r for almost all p in x’ there is a sub- 
group K with finite index in N and an elementary abelian quotient of order 
P r-1, say K/L. Let A4 denote the core of L in G; then N/M has finite 
exponent and thus is finite. Put C = C,(N/M); then G/C is finite. Now 
Lc= L since [L, C] d M; by [lo, 9.39.33 there is a positive integer m such 
that C”‘L/L is torsion-free. Set H = (K, Cm), observing that 1 G : HI is finite. 
Now C centralizes K/L; we can conclude that 
H/L = (C”‘L/L) x K/L 
because CmL/L is torsion-free and K/L finite. Clearly C”L/L- CmN/N, 
which has finite index in GIN and so is not p-divisible. It follows at once 
that H has an elementary abelian quotient of orderp’. 
The final lemma is 
LEMMA 9. Let G = HK = HA = KA where H, K, A are nilpotent sub- 
groups and Aa G. If A is a torsion group, then the elements offinite order in 
G form a locally nilpotent subgroup. 
Proof Obviously the set of elements of finite order is a normal sub- 
group T containing A. If T/A’ is locally nilpotent, then so is T (see [9]). 
Therefore we may take A to be abelian. We can also assume that A is a p- 
group and that Z(G)= 1. Hence HnA = 1 = Kn A. 
The next step is to show that [A, Z(H),,] = 1. Suppose that this is false, 
so that there is an x in Z( H)p, such that [A, x] # 1. Note that C,(x)a G. 
If T/C,(x) is locally nilpotent, then for each a in A there is a positive 
integer r such that [a, ,x] = 1, and thus (x, a) is nilpotent. However x 
and a have coprime orders, so [a, x] = 1. So assume that T/C,(x) is not 
locally nilpotent. Note that x acts fixed-point-freely on A/C,(x). Thus, 
replacing G by G/C,(x), we may assume that C,(X) = 1. 
Next [A, xl/CA, x, x] has finite exponent dividing the order of x and yet 
is a p-group. Hence [A, x] = [A, x, x], which implies that A = [A, x] since 
C,(x) = 1. Consequently the mapping aw [a, x] is a G/A-automorphism 
of A. Lemma 1 may now be invoked to yield H’(G/A, A) = 0, which as 
usual leads to H = K and A = 1. 
This contradiction establishes that [A, Z(H),.] = 1 and Z( H)pz < 
Z(G) = 1. It follows that the torsion-subgroup of H is a p-group, which 
clearly implies that T is a soluble p-group. Thus T is locally nilpotent. 
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3. THE TRIPLE FACTORIZATION THEOREMS 
We begin with Theorem 5, carrying the proof through in the case, where 
A is a torsion group. Then it will be convenient to stop and prove 
Theorem 4, before completing the proof of Theorem 5. 
Proof of Theorem 5. By Lemma 4 it suffices to show that A has finite 
abelian sectional rank. 
(i) We may assume that A is ahelian and also that 
HnA=l=KnA. 
If G/A’ has finite abelian sectional rank, so does A, as the methods of 
[9] show. Thus we may as well take A to be abelian. Then (Hn A) 
(Kn A)a G; this subgroup has finite abelian sectional rank, so it can be 
factored out. 
(ii) We may assume that A is either torsion-free or an elementary 
abelian p-group. 
Denote by T the torsion-subgroup of A and let P = {a E Ala” = 1 } with p 
any given prime. If the special cases named have been dealt with, then G/T 
and X(P) have finite abelian sectional rank, from which it follows that A 
has finite abelian sectional rank. 
For the remainder of this part of the proof we shall assume that A is an 
elementary abelian p-group. Consider the following statement about the 
group G: 
If Na G and N < A, then either N or A/N is .finite. (*I 
The next point to establish is 
(iii) If G has the property (*), then G has finite abelian sectional rank. 
Let F be a finite G-invariant subgroup of A; we will show that r(F) is 
bounded. Let X = X(F) = H*K* where H* = Hn KF and K* = HFn K. 
Writing L = C,.(F) C,.(F), we see that X/L is a finite p-group because, by 
Lemma 4, X is hypercentral. By Zaicev’s theorem [ 161 r(X/L) is bounded 
above in terms of r(H*L/L) and r(K*L/L). Since the rank of a p-section of 
H or K is bounded, the assertion follows. 
We conclude that there is a largest finite G-invariant subgroup of A. The 
property * now implies that A is a noetherian H-module. 
The argument of the first paragraph shows that there is a largest finite 
H-quotient AIM. Certainly we can suppose that Mf 1. Now IH: Hn KMJ 
is finite, so M is finitely generated as a (H n KM)-module. For the same 
reason M cannot have a nontrivial finite (H n KM)-quotient module. It 
follows that M possesses an infinite simple (Hn KM)-quotient module 
MJM, Since G may be replaced by X(M)/M,, we can assume that A is an 
infinite simple H-module. Hence A = [A, H] and as a consequence of [ 111, 
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Theorem A one has H’( G/A, A) = 0. This leads in the usual way to 
G=H=Kand A=l. 
(iv) Case: A is a torsion group (concluded). 
Assume that G is a counterexample for which the number 
d(H) = r,,(H) + m,(H) + c(H) 
is as small as possible; here c(H) denotes the nilpotent class of H. 
By (iii) there is a G-invariant subgroup N of A such that both N and 
A/N are infinite. Consider the subgroup 
D = (Z(H) N) n (Z(K) N). 
Then clearly 
D=(Z(H)n(Z(K) N)) N=((Z(H) N)nZ(K)) N. 
D is normal in G since DH = D = DK. For brevity write 
I(H)=r,(H)+m,(H). 
If I( H n KN) < I(H), then d( H n KN) < d(H) and X(N) has finite abelian 
sectional rank by minimality of d(H); hence N is finite. This is false, so 
I( H n KN) = 1(H) and there is a series from H n KN to H whose factors are 
abelian torsion groups with no p”-subgroups. Therefore I(Z(H) n KN) = 
[(Z(H)). It is easily seen that 
Z(H)nKN=Z(H)n(Z(K)N)=Z(H)nD=HnD. 
Hence 
f(Hn D) = /(Z(H) n D) = f(Z(H)). 
If I(HD/D) < f(H), then by minimality of d(H) the group G/D has finite 
abelian sectional rank. However, AD/D N A/A n D = A/N, which is infinite. 
It follows that I( HD/D) = 1(H) and so 0 = I( H n D) = I(Z( H)). This means 
that Z(H) is a torsion group with finite p-component P, say. 
Write 
Z(H)=PxQ 
where Q = Z(H),.. Then Lemma 9 shows that [A, Q] = 1. Let L = PA, a 
normal subgroup of G. Since AP = 1 and P is a finite p-group, L is 
nilpotent. If G/L’ had finite abelian sectional rank, the same would hold for 
L and hence for G. This allows us to assume that 1 = L’ = [A, P]. 
Therefore [A, Z(H)] = 1 and Z( H)a G. The group G/Z(H) has finite 
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abelian sectional rank by minimality of d(H); therefore the same is true 
of G. 
Proof of Theorem 4. 
(i) It may he assumed that A is abelian. 
Let us suppose that this case has been settled. Then G/A’ has finite tor- 
sion-free rank and this implies that G has finite torsion-free rank. By induc- 
tion on the class of A the group G/Z(A), as well as X(Z(A)), is nilpotent. 
Now the Baer radical of G is nilpotent since A is torsion-free with finite 
rank. Hence Lemma 3 may be applied to show that G is nilpotent. 
(ii) It may be assumed that Hn A = 1 = Kn A. 
For let I= t(Hn A)(Kn A), the isolator in A; then ZaG. Also I has 
finite torsion-free rank and is contained in some term with finite ordinal 
type in the upper central series of G. Now factor out by I. 
(iii) Jf T is the torsion-subgroup of Z(H), then [A, T] = 1. 
Assuming this to be false, we can find a prime p and an element x in 
Z(H),, such that [A, x] # 1. Since A is torsion-free and x has finite order, x 
acts on A/C,(x) without nontrivial fixed points. Also A/C,(x) is torsion- 
free and C,(x)a G. Therefore it may be assumed that C,(x) = 1. 
Next [A, xl/[ A, x, x] has finite exponent equal to a power of p, and, 
since C,(x) = 1, the same is true of A/CA, x]. Let q be a prime different 
from p. Application of Lemma 9 to the group G/A4 yields [A, x] <A*. 
Therefore A = A4 for all q # p. 
Suppose that [A, Z(H),] # 1 for some prime q # p. Then by passing to a 
suitable quotient group of G one can assume that A =‘A’ for all primes 
r # q, so that A is a divisible group. In this case A = [A, y] and the map- 
ping a++ [a, y] is an automorphism of A for some y in Z(H). But 
Lemma 1 shows that H’(G/A, A) = 0, which leads to G = H = K and A = 1. 
We conclude from this discussion that [A, Z(H),.] = 1 and Z(H),,. d 
Z(G). Factor out by Z(H),, and use induction on the central height of H,. 
in H to reduce to the case where H,, = 1. 
We are now faced with the following situation: 
T is a p-group, 1 = C,(x) # A, A/CA, x] has finite p-exponent 
and A = A4 for all primes q # p. 
From this a contradiction will be derived. 
Set x = ka, where k E K and a E A. Also write B = aG and C = fi. Then 
CdG and C/B is a torsion group, while 2 = A/C is torsion-free. It is 
claimed that C,(x) = 1. To see this take CT, in C,(x) and write tiprn = [6, x] 
for some m > 0 and 6 in A. Hence 1 = [a?“, x] = [b, x, x]. Since x operates 
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on J/C,(x) without nontrivial fixed points, [h, x] = a?” = 1. From this it 
follows that 
[A, x] n C= [C, x] 
and 
c/cc, -xl = CC4 XllC~, xl d A/CA, xl. 
Consequently C/[C, x] has finite exponent equal to a power of p. 
Next write 
C/B= (C/B), x (C/B),,. 
Now x = ka E H n KC and by Lemma 8 the torsion-subgroup of X( C/B) = 
,l’(C)/B is locally nilpotent. Therefore x centralizes (C/B),, and (C/B),,, is a 
quotient of C/[C, x]. But the latter is a p-group, so (C/B),, is trivial and 
CJB is a p-group. 
Let q be a prime different from p. Then A = AY, which implies that 
B= BY. However B is a finitely generated G/A-module and G/A has finite 
torsion-free rank. Thus Lemma 2 may be applied to show that B is a tor- 
sion group. But then a= 1 and x= kEZ(H) n Kd Z(G), so that 
[A, x] = 1, a contradiction which completes the proof of (iii). 
(iv) It may he assumed that H and K have ,finite ahelian sectional 
rank. 
From (iii) we see that T< Z(G). Factor out by T and appeal to induc- 
tion on the central height of the torsion-subgroup in H. In this way we can 
assume that H is torsion-free. Note that H has finite abelian sectional rank. 
Also we can assume that K n A = 1, so H ‘5 K. 
Now we must introduce the property 
If N -4 G and N < A, then either N or A/N 
(**I 
has finite torsion;free rank, 
(v) If G satisfies (**), then G is nilpotent. 
In the light of Lemma 4 (and the fact that A is torsion-free) we see that it 
is sufficient to show that G has finite abelian sectional rank. 
If F is a G-invariant subgroup of A with finite rank, then rO(F) is boun- 
ded above in terms of r,(H) and rO( K); this is because Lemma 6 can be 
applied to the group X(F), which has finite abelian sectional rank. Hence 
there is a G-invariant subgroup M of A which has maximal rank. Replacing 
G by Gl$‘k we can suppose that A possesses no G-invariant subgroups 
with positive finite rank. 
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In a similar way one can establish the existence of a G-admissible sub- 
group L such that A/L is torsion-free and has maximal finite torsion-free 
rank. Of course it can be assumed that L # 1. Let a be a nontrivial element 
of L and put B = uG. Obviously [B, H] # 1, so A/[B, H] has finite torsion- 
free rank by the property (**). Then L/[B, H] is a torsion group by 
maximality of rO( A/L). Therefore B/[ B, H] has finite exponent and we may 
choose a prime p not dividing this. Since L/BP is a torsion group, we can 
apply the torsion case of Theorem 5 (which has already been proved) to 
the group X(L/Bp). Thus B/BP is finite. Also G/B” has finite abelian sec- 
tional rank, so by Lemma 4 it is hypercentral and [B, ,H] 6 BP for some 
r > 0. But B/[B, H] is a $-group, whence so is B/[B, ,H]. Therefore 
B= BP. Since this holds for infinitely many primes p, Lemma 2 shows that 
B is a torsion group. This gives the contradiction a = 1 and completes the 
proof of (v). 
From this point on we shall assume that G is a counterexample for 
which the number 
I(H) = r,(H) + c(H) 
is as small as possible. We may still suppose that A is abelian, H n A = 
1 = Kn A and H, K have finite abelian sectional rank. 
(vi) Z(H) is a torsion group. 
By (v) the group G cannot satisfy (**), so there is a G-invariant sub- 
group N such that both N and A/N have infinite torsion-free rank. Define 
D = (Z(H)N) n (Z(K)N). 
Then, as in the proof of Theorem 5 (torsion case), one proves that DdG 
and 
Z(H)nKN=Z(H)n(Z(K)N)=Z(H)nD=HnD. 
If r,(H n KN) <c r,(H), then X(N) has finite torsion-free rank by minimality 
of Z(H); this implies that r,(N) is finite. Hence r,(Hn KN) = r,(H) and so 
r,(Z(H) n D) = ro(Z( H)). Therefore Z(H)/Z( H) n D is a torsion group. If 
Z(H) n D is not a torsion group, then r,(HD/D) < rO( H) and G/D has 
finite torsion-free rank, whence r,(A/N) = r,(AD/D) is finite. By this con- 
tradiction Z(H) n D, and hence Z(H), is a torsion group. 
(vii) Conclusion. 
By (iii) and (vi) we have Z(H) d Z(G). But G/Z(H) has finite torsion- 
free rank by minimality of l(H). Therefore A, and hence G, has finite tor- 
sion-free rank. By Lemma 4 the group G is nilpotent. 
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Proof of Theorem 5 (concluded). Let T denote the torsion-subgroup of 
A. By the first part of the proof we see that X(T) has finite abelian sectional 
rank, so this is true of T. On the other hand, Theorem 4 shows that G/T 
has finite torsion-free rank; it follows that A/T has finite torsion-free rank 
and G has finite abelian sectional rank. 
4. PROOFS OF THE MAIN THEOREMS 
Theorems 1, 2, and 3 can now be disposed of rapidly. 
Proof of Theorem 1. Let d denote the derived length of G. All is clear if 
dbl,soletd>l andputA=G . (d ” By induction on d the group G/A has 
finite torsion-free rank. Now set L = (Hn A)(Kn A), and observe that 
LCIG and L has finite torsion-free rank. Since X(A)/L is a triple product of 
nilpotent subgroups, it follows from Theorem 4 that X(A) has finite tor- 
sion-free rank, whence so does G. 
Proof of Theorem 2. This is proved by induction on the derived length 
and appeal to Theorem 5 and Lemma 6. 
Proof of Theorem 3. As usual we reduce to the situation 
G=HK=HA=KAwhereAisnormalandabelianandHnA=l=KnA. 
Of course G has finite abelian sectional rank by Theorem 5. To show that 
G has finite Prtifer rank, it suffices to show that r,,(A) is bounded for all p. 
From Lemma 7 we see that r,(A) is bounded above in terms of r(H) and 
r(K). Since H and K have finite Priifer rank, r,(A) is bounded. The proof is 
completed by appealing to Lemma 7. 
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